We investigate theoretically nonequilibrium effects on photoluminescence and gain/absorption spectra of a driven-dissipative exciton-polariton condensate, by employing the combined HartreeFock-Bogoliubov theory with the generalized random phase approximation extended to the Keldysh formalism. Our calculated photoluminescence spectra is in semiquantitative agreement with experiments, where features such as a blue shift of the emission from the condensate, the appearance of the dispersionless feature of a diffusive Goldstone mode, and the suppression of the dispersive profile of the mode are obtained. We show that the nonequilibrium nature of the exciton-polariton condensate strongly suppresses the visibility of the Bogoliubov dispersion in the negative energy branch (ghost branch) in photoluminescence spectra. We also show that the trace of this branch can be captured as a hole burning effect in gain/absorption spectra. Our results indicate that the nonequilibrium nature of the exciton-polariton condensate strongly reduces quantum depletion, while a scattering channel to the ghost branch is still present.
I. INTRODUCTION
The achievement of the Bose-Einstein condensation (BEC) in an exciton-polariton system [1] has opened new possibilities to investigate many-body physics in optical devices [2] [3] [4] [5] . Various phenomena analogous to conventional BECs such as a Bogoliubov excitation with a linear dispersion [6] , quantum vortices [7] , and a non-diffusive transport [8] , have been observed. Berezinskii-KosterlitzThouless scaling has also been confirmed recently [9] [10] [11] . Moreover, at high carrier density, it is expected that one can study an exotic quantum state of matter [12] [13] [14] [15] analogous to an ultracold Fermi gas in the Bardeen-CooperSchrieffer (BCS)-BEC crossover region [16] [17] [18] .
A crucial novelty of the present system is the lossy nature of the optical devices (where the photons in the cavity leak out typically in a timescale of picoseconds) compensated by continuous pumping of the carriers, making the BEC state intrinsically nonequilibrium. Due to this driven-dissipative nature, a number of novel features are proposed to arise in this system. For example, the elementary excitation of the condensate is predicted to be the so-called diffusive Goldstone mode [19] [20] [21] (c and Γ are real numbers), (1)). At higher momenta, the mode exhibits both the normal (solid line) and the ghost (dotted line) branches, which have positive and negative energy with respect to the energy of the condensate, respectively.
with a pure imaginary dispersion ω q ∝ −iq 2 at small momenta (see Fig. 1 ). This is in an essential contrast to the equilibrium case ω q ∝ |q|. It has also recently been pointed out that this diffusive character of the mode makes the nonlinear phase gradient term in the equation of motion to be relevant in a renormalization group sense [22] [23] [24] . This modifies the BerezinskiiKosterlitz-Thouless scaling in equilibrium to the KardarParisi-Zhang scaling, which was originally discussed in the context of randomly grown interfaces [25] . In addition, the nonequilibrium feature of the polariton system has brought considerable interest as to how a BEC state of polaritons may evolve into a standard semiconductor laser [19, 20, [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] .
Detailed information on these intrinsic nonequilibrium states is experimentally accessible through the observation of optical properties. One of the most commonly measured optical quantities is the photoluminescence spectrum (PL). By detecting the energy as well as its (in-plane) momenta of the leaked-out photons, the distribution of the polaritons can be measured in terms of momentum and energy. Using this technique, the dispersionless feature of the diffusive Goldstone mode has been observed [35, 36, [42] [43] [44] [45] .
On the theory side, however, PL has not been understood in a comprehensive way. Some theoretical studies argue that, in addition to the normal branch (NB) of the diffusive Goldstone mode [solid line in Fig. 1 ], the ghost branch (GB) which has negative energy with respect to the condensate energy [dotted line in Fig. 1 ] would be populated and appear in PL [12, 19, 20, 46, 47] . Especially when a thermal distribution is assumed, the GB was predicted to have the dominant spectral weight at low temperature and high density [47] . The appearance of the GB can theoretically be attributed to the so-called quantum depletion [48] , where particles are kicked out of the condensate due to the repulsive interaction between polaritons. Since this effect occurs even in the ground state, the realization of this branch in PL can be regarded as a direct observation of quantum fluctuations of a many-body system. However, the GB is absent in most of the PL experiments [1, 6, 30, [32] [33] [34] [35] [36] [41] [42] [43] [44] [45] . There are only a few exceptions that reported observation of GB, which are the experiments done in extremely high density regime [40] or in a strongly disordered system [49] where polaritons were forced to scatter into the GB. So far, the suppression of the GB in PL has not been well understood.
On the other hand, a fingerprint of GB has been observed in four-wave mixing experiments [50] [51] [52] . In such experiments, a pump pulse was resonantly injected to form a polariton condensate, together with a trigger pulse that excites polaritons in the NB at finite momentum. By the parametric scattering process induced by the thirdorder nonlinear harmonics of a polariton condensate, the authors have observed a probe four-wave mixing signal in GB [50, 51] . This result implies that GB itself is still present as a scattering channel even in the nonequilibrium situation, while the absence of it in PL implies that the GB is almost unoccupied in the nonequilibrium steady state.
In this paper, by taking into account nonequilibrium effects of the model driven-dissipative electron-holephoton system, we study the optical properties of the exciton-polariton condensate. In contrast to prior researches that analyze the Dicke model (which treats an exciton as a localized excitation) [12, 19, 20, 46] or a Bose gas [21, 47] , we explicitly treat electrons and holes coupled to cavity photons. This allows us to safely analyze nonequilibrium effects at density region beyond Mott density and take into account dissociation effects of excitons that plays a crucial role in nonequilibrium states [26-28, 53, 54] .
Our main result is shown in Fig. 2 . (See also Fig.  6 and Fig. 7 for tomographic view.) As seen in Figs. 2(a1)-(c1), we show that the visibility of the GB in PL L(q, ω) is strongly suppressed by nonequilibrium effects, where a peak structure of the GB is either absent or possess a very small spectral weight. Our calculated PL is in a qualitative agreement with experiments [35, [42] [43] [44] [45] where it exhibits a blue shift of the emission from the condensate, the appearance of the flat spectrum of the diffusive Goldstone mode, and suppression of spectral weight in the dispersive region at high momentum region, as the pumping power increases. The amount of the blue shift and the range of the momentum window that exhibits the dispersionless feature have the same order of magnitude as that observed in GaAs experiments [35, 42] . Similarly to PL, we show that the GB is also suppressed by nonequilibrium effects in the gain/absorption spectrum S(q, ω) [Figs. 2(a2)-(c2)], where absorption (S(q, ω) > 0) or gain (S(q, ω) < 0) from NB is much stronger than that from GB. However, an optical gain channel from the GB is still present, which appears as either a small but finite gain [ Fig. 2(b2) ] or suppression of absorption band (hole burning) [ Fig. 2(c2) ]. The presence of this optical gain channel implies that the GB is still present as a scattering channel.
We also present a systematic analysis on the visibility of the GB, in terms of detuning, pumping power, and the cavity photon decay rate. We show that, for both in PL and gain/absorption spectra, a clearer visibility of the GB is obtained by setting a bluer detuning or a smaller cavity photon decay rate, that drives the system closer to the equilibrium state.
Our results indicate that the quantum depletion in a driven-dissipative condensate is strongly suppressed by the nonequilibrium nature. We discuss that this suppression is due to (1) the appearance of the diffusive Goldstone mode, (2) nonequilibrium redistribution of photons, and (3) nonequilibrium-induced pair-breaking effects [26, 27, 53, 54] where the dissociated carriers behave as an absorption medium that screens the gain from the GB.
The rest of our paper is organized as follows. In Sec. II, we explain our model. In Sec. III, we formulate our combined theory of Hartree-Fock-Bogoliubov approximation with the generalized random phase approximation, extended to the Keldysh formalism. In Sec. IV, we analyze the PL and gain/absorption spectra of a drivendissipative electron-hole-photon condensate. In Sec. V, we perform a systematic study on the visibility of the GB, in terms of the pumping power, decay rate of photons, and the detuning. In Sec. VI, we give a summary of this paper.
II. MODEL DRIVEN-DISSIPATIVE ELECTRON-HOLE-PHOTON SYSTEM
The model driven-dissipative electron-hole-photon system we consider in this paper is shown schematically in Fig. 3(a) [19, 20, [26] [27] [28] , which consists of the system, an electron-hole bath, and a vacuum. In this model, the photon pumping of carriers, as well as its thermalization is modeled as an attachment of an electron-hole bath to the system. The bath continuously injects electronhole carriers to the system and thermalize them with a thermalization rate γ. Then, the injected carriers in the system pair-annihilate (or pair-create) to photons. The created photons leak out to the vacuum with a decay rate κ, driving the system into a nonequilibrium steady state. The above model is described by the Hamiltonian, H = H s + H t + H env . H s describes the relevant system consisting of electrons in the conduction band, holes in the valence band, and cavity photons, given by
Here, c p,σ=e(h) and a q are an annihilation operator of an electron (hole) and a cavity photon, respectively. The first term in Eq. (2) is the kinetic term of the electrons and holes, which is assumed to have the same mass m eh and the kinetic energy ε eh p = 2 p 2 /(2m eh ) + E g /2 (E g is an energy gap of the semiconductor quantum well). Here, we have transformed the empty states of the valence band in the "electron picture" shown in the left panel of Fig.  3 (b) (where the kinetic energy of electrons in the valence band is given by −ε eh p ) to the valence band holes shown in the center panel of Fig. 3(b) (where the kinetic energy of holes in the valence band is given by ε eh p ). We also briefly note that σ = e, h represents the electron and hole component in our notation (not the spins of the band), and have neglected the spin degrees of freedom.
The second term describes the kinetic term of cavity photons with the kinetic energy ε ph q = ω cav + 2 q 2 /(2m ph ) (schematically shown in the right panel of Fig. 3(b) ). Here, m ph = n 2 c /c(2π/λ) is a cavity photon mass, and ω cav = (c/n c ) (2π/λ) is assumed to be controllable by varing the microcavity length λ (n c is the reflactive index of the cavity).
The third term describes an attractive interaction between electrons and holes, and the fourth term describes the dipole coupling between electron-hole carriers and photons within the rotation wave approximation. Here, the interaction between electrons and holes is assumed to be an attractive contact-type interaction −U < 0, instead of a realistic long-range Coulomb interaction. We expect that this simplication will not affect the low energy excitation properties, at least in a qualitative way, since for both the cases, the gapless mode is present, attributed to the neutrality of the electron-hole-photon condensate where the Anderson-Higgs mechanism is absent [55] . g describes the dipole-coupling strength between the electron-hole carriers and photons.
For latter use, it is useful to point out that, in the absence of cavity photons, an electron and a hole forms an exciton in the dilute limit. The energy level of this state lies at ω X = E g − E bind X ("X" in the right panel of Fig. 3(b) ), where E bind X is the exciton binding energy. This allows us to define the detuning parameter between the cavity photon and the exciton state, (See the right panel of Fig. 3(b) .)
FIG. 3. (Color online) (a) Model driven-dissipative electron-hole-photon system. Electrons and holes are supplied to the system from an electron-hole bath with a thermalization rate γ. In the system, electrons and holes interact attractively with each other with a coupling constant −U , and also pair-annihilate (pair-create) into (from) photons with the coupling constant g. The created photons in the system leak out to a vacuum with a decay rate κ. [(b) and (c)] Dispersion of the conduction band ("C.B."), the valence band ("V.B."), and the cavity photon, shown in the picture before (b) and after (c) employing the gauge transformation, described in the paragraph below Eq. (11) . In the left panel of (b), the valence band is described in the "electron picture", while in the center panel of (b) and (c), it is described in a "hole picture". Here, the bath drives the electron-hole carriers to the Fermi distribution (Eq. (8)), characterized by the bath-chemical-potential µ b and the temperature T b . In the right panel, photon dispersion, as well as an exciton state "X" which lies at ωX = Eg − E bind X , are schematically shown. The detuning δ is defined as the energy difference between the photon energy at q = 0 and the exciton energy, i.e., δ = ωcav − ωX.
Although the formalism we develop in this paper can be applied to any Wannier-type polariton systems, in this paper, we set the parameters to be as realistic as possible for a GaAs quantum well structure embedded in a microcavity. We set m eh = 0.068m 0 , m ph = 3×10 −5 m 0 (where m 0 is the electron mass), E g = 1.624eV, and the cutoff wave number k c = 2π/a = 1360µm −1 (where a = 4.6nm is the lattice constant).
The magnitude of U and g are determined to reproduce the measured exciton and polariton energy level in the GaAs quantum well structure. As explained in Appendix A, we have chosen U = 5.2meV/µm 2 in order to reproduce the exciton spectrum to lie at ω X = 1.614eV in the dilute limit, where E bind X = 10meV. Similarly, we have chosen the dipole coupling constant as g = 1.7meV/µm 2 to reproduce the Rabi splitting of 2g R = 14meV in the dilute limit on resonance δ = 0. With these choices of parameters, we have checked that the lower polariton energy level lie approximately at Fig. 18 in Appendix A.), consistent with the conventional polariton picture [2] .
Electrons and holes are incoherently supplied to the system via a tunneling Γ b from an electon-hole bath, while cavity photons decay to vacuum via a tunneling Γ v . These processes are described by the tunneling Hamilto-nian,
where the bath and the vacuum are described by the Hamiltonian,
Here, b P ,e(h) is an annihilation operator of a bath electron (hole), and ψ Q is an annihilation operator of a vaccum photon. ε eh,b
P ,e(h) and ε ph,v Q are the kinetic energy of bath electrons (holes) and vacuum photons, respectively. We have assumed in Eq. (4) that the particles tunnel from random positions r i in the system to R i in the bath or vacuum (i = 1, 2, ..., N t ) [56] . As derived in Appendix B within the second-order Born approximation, these couplings to the bath and the vacuum induce the thermalization rate of electron-hole carriers,
as well as the decay rate to the vacuum,
where ρ b(v) is the bath (vacuum) density of states assumed to be constant. In this paper, we set the thermalization rate to γ = 4meV. The bath and the vacuum are assumed to be large compared to the system, and they stay in an equilibrium state. The bath distribution is given by
characterized by its chemical potential µ b and temperature T b (see Fig. 3(b) ). The electron-hole density monotonically increases as µ b increases; thus, µ b corresponds to the pumping power in our model. The vacuum distribution is assumed to vanish, i.e., b v (ω) = 0.
In this paper, we analyze steady-state properties of the Bose-condensed phase of the above model, characterized by the order parameter [18, 57, 58] ,
We employ an steady-state ansatz [19, 20, [26] [27] [28] 53 , 54]
where we have introduced a parameter µ which works as the "chemical potential" of the system. With our choice of the order parameter (Eq. (9)), a single-particle excitation energy is given by a conventional form,
as derived in Appendix B.
In explicit calculations we perform below, it is convenient to employ the gauge transformation c p,σ → e i(µ+Eg/2)t/ c p,σ , b P ,σ → e i(µ+Eg/2)t/ b P ,σ , a q → e i(2µ+Eg)t/ a q , and ψ Q → e i(2µ+Eg)t/ ψ Q in order to formally eliminate the time dependence of the order parameter in Eq. (9) [19, 20, 26-28, 53, 54] . In practice, this transformation is performed by replacing ε
and µ b − µ, respectively. By this transformation, the origin of the cavity photon energy ω is also shifted as ω = ω − 2µ − E g . The resulting energy levels are schematically described in Fig. 3(c) .
III. GENERALIZED RANDOM PHASE APPROXIMATION
We now develop a generalized random phase approximation (GRPA) combined with the Hartree-FockBogoliubov (HFB) theory extended to the Keldysh formalism, to analyze photoluminescence (PL) and gain/absorption spectra of an exciton-polariton condensate in a nonequilibrium steady state. In this approach, we first determine the nonequilibrium steady state of the Bose-condensate within the HFB-Keldysh theory, and then compute the fluctuations around that steady state to obtain the optical properties. The HFB-Keldysh theory of the above model (Eqs. (2)- (5)) has been shown [26] [27] [28] to capture the essential features of the BCS-BEC crossover [13] [14] [15] and their connection to a conventional semiconductor laser. Since our GRPA formalism treats fluctuations in a fully consistent manner to the HFBKeldysh theory, we can safely analyze optical properties in this BEC-BCS-laser crossover context.
The steady-state solution within the HFB-Keldysh theory can be obtained by solving the steady-state gap equation, given by [26-28, 53, 54] , (For derivation, see Appendix B.)
Here,
.
describes the effective interaction between the electrons and holes, where the first term is a bare electron-hole interaction, and the second arises from a second-order process of photon emission and absorption. From the (complex) gap equation (12), we determine the order parameter ∆ 0 and µ. Once all the parameter sets of the steady state (∆ 0 , µ) are determined by solving Eq. (12), we can move on to the analysis of optical properties. In excitonpolariton experiments, PL is measured by detecting the energy of the leaked-out photons from the cavity in an angle-resolved way. Strictly speaking, the reflectance of the Bragg mirror which determines the decay rate of the photons from the microcavity has an angle θ(= arctan(|q|/(2πλ)) dependence, which however, are negligibly small as long as we consider small angle θ 1. Similarly, the energy dependence of cavity photons on the leakage rate is also negligible in the energy region that is measured [2] . As a result, the intensity of PL is nearly proportional to the occupied spectral weight function of the cavity photons,
We simply call L(q, ω) "PL" in this paper. This quantity can be obtained by computing the Nambu-Keldysh Green's function of the cavity photons in a steady state,
Here, we have introduced a Nambu field of cavity photons,
and
PL can be obtained by taking the (1,1)-component in Nambu space of the lesser componentD
One can also compute the gain/absorption spectrum S(q, ω) from Eq. (15), as
which describes absorption (S(q, ω) > 0) or gain (S(q, ω) < 0) of photons in the cavity. From below, for convenience, we employ the gauge transformation described in the paragraph below Eq. (11) . To distinguish the gauge-transformed quantities from the quantities written in the original picture, we denote them by putting "¯". For example, we denote the PL in the gauge transformed picture asL(q, ω), which is related to the PL in the original picture L(q, ω) as, (See Fig. 3 
PL and gain/absorption spectra are determined by fluctuations of the condensate around the steady state. To compute them, they must be treated in a consistent manner with the approximation employed in the computation of the steady state, otherwise they violate the gauge invariance of the system (Ward's identity [59] ). This becomes especially important when discussing collective excitations of the steady state, since the gauge invariance is directly related to the appearance of a gapless mode [19, 20, 53] (the Goldstone's theorem [60] ). In our HFB-Keldysh case, Fig. 4 summarizes the diagrams that satisfies the above demand. (An anologous case is studied for equilibrium case in Ref. [58] , in the context of an ultracold Fermi gas.) Here, Fig. 4(a) describes the Dyson's equation for the (gauge-transformed) cavity photon Green's functionD, where a free Green's function of the cavity photons is given by,
Here, τ i (i = 1, 2, 3) are the Pauli matrices acting on the Nambu space. Equation (22) can be formally solved as,
Here, b ph (ω) in the Keldysh component ofD 0 is the initial distribution of photons, which however, does not affect the final result, since the second term in Eq. (26) can be shown to vanish as long as ImΣ R ph (ω) = 0 for arbitrary ω. The self-energy for cavity photonŝ
is given diagramatically in Fig. 4(b) , where its explicit form is given by,
The first term of Eq. (28) describes the dipole coupling of photons to the electron-hole pairing fluctuationsΠ U , induced by electron-hole coupling −U (Fig. 4(c) ), given by,
Here, η (29) is the lowest-order pair correlation function, given by,
Here,Π is calculated using the electron-hole NambuKeldysh single-particle Green's function in the steady stateĜ obtained within the HFB-Keldysh theory. Their explicit form, as well as their derivation is given in Appendix B.
The second term in Eq. (28) describes the effects of tunneling to the vacuum within the second-order Born approximation, wherê
is a photon Green's function in the vacuum. The Qsummation in the second term of Eq. (28) can be performed as,
From the above equations, by numerically computinĝ Σ ph (q, ω), we obtain the PL spectrum L(q, ω) (Eq. (14)), as well as the gain/absorption spectrum S(q, ω) (Eq. (20)).
As a result of our appropriate choice of diagrams, the obtained dressed Green's functionD(q, ω) correctly satisfies the Goldstone's theorem [60] , (Thouless criterion
where we have used the HFB-Keldysh steady state gap equation (12) in the derivation provided in Appendix C. Since the pole ofD R (q, ω),
determines the mode dispersion ω q [19, 20, 53, 59] , Eq. (37) assures the appearance of a gapless excitation (with respect to the condensate energy).
Before ending this section, let us show the steadystate properties of this system. Figure 5 shows the selfconsistent solution of the steady-state gap equation (12) with various photon decay rate κ. When the pumping power µ b exceeds a critical value µ c b , a transition to a Bose-condensate phase occurs (∆ 0 > 0), and the order parameter ∆ 0 increases by further increasing the pumping power. In the equilibrium case (κ = 0), a diverging behavior of ∆ 0 is seen at µ b = −5meV. Noting that the chemical equilibrium between the system and the bath is achieved in this limit, µ b = µ (Fig. 5(b) ), the divergence of ∆ 0 is attributed to the resonant photon mediated electron-hole coupling, where the second term of Eq.
When the decay rate κ is turned on, the order parameter ∆ 0 is naturally suppressed by nonequilibrium effects. In addition to the increase of the minimal pumping power µ c b required to form a Bose-condensate, the divergent be- havior seen in the equibrium case κ = 0 is also suppressed, due to the suppression of the resonant photonmediated interaction. We also see in Fig. 5(b) that the "chemical potential" of the system µ is always smaller than the bath-chemical-potential µ b (i.e., µ b > µ) in the nonequilibrium case κ > 0. This occurs so as to induce a net electron-hole current from the bath to the system [54] , to compensate the photon loss.
IV. PHOTOLUMINESCENCE AND GAIN/ABSORPTION SPECTRA OF A DRIVEN-DISSIPATIVE ELECTRON-HOLE-PHOTON CONDENSATE
Our main result has already been shown in Fig. 2 , where the bath-chemical-potential µ b (corresponding to the pumping power) dependence of both the PL L(q, ω) and the gain/absorption spectrum S(q, ω) are presented. The photon decay rate is set to κ = 0.5 meV, corresponding to the photon lifetime of τ ∼ 8 ps. To exhibit them in a quantitative manner, we have plotted sections through the data as a function of ω in Fig. 6 . We have also plotted a close-up view of the gain/absorption spectrum in Fig. 7 . As already pointed out in the introduction, the overall structure of the computed PL, including its pumping power dependence, is in agreement with experiments. The magnitude of the condensate blue shift (∼ meV), as well as the width of the momentum window of the flat spectrum (∼ µm −1 ), are in semiquantitative agreement with the observed PL [35, 42] . The visibility of the GB is strongly suppressed in both the PL and gain/absorption spectra, although a trace of it is seen as a very weak PL emission and a small but finite optical gain or a suppres- sion of absorption band (hole burning) from the GB, as pointed by the arrows in Figs. 6 and 7, also in agreement with experiments [35, [42] [43] [44] [45] .
The suppression of the GB lies in contrast to what is obtained in the equilibrium case, for both PL and gain/absorption spectra. In the equilibrium dilute limit (or the so-called BEC limit in the context of the BCS-BEC crossover, where the binding energy of the lower polariton is large compared to all other energy scales, i.e., E bind LP ∆ 0 , γ), the gain/absorption spectrum reduces to that of a repulsively interacting Bose gas within the Bogoliubov approximation [58, 63] ,
where
is the Bogoliubov dispersion, and
Here, ε
is the kinetic energy of the lower polariton (m LP 6 × 10 −5 m 0 is the lower polariton mass), n 0 is the condensate fraction, and U LP is the interaction between the lower polaritons. The positive contribution from the first term of Eq. (39) shows that absorption occurs at the NB, while the negative contribution from the second shows that gain occurs from the GB. Since the ratio between u 2 q and v 2 q is order of unity in the regime |q| < ∼ √ m LP U LP n 0 / , the intensity of the latter is comparable to the former in that regime. Estimating from the amount of the observed blue shift of the emission from the condensate in typical experiments [6, 35, 36, 41, 42] , the magnitude of U LP n 0 should be order of a few milli-electron-volts (which is in agreement with our calculations), which gives the GB-visible region of q < ∼ O(µm −1 ). This is numerically demonstrated by taking the equilibrium limit of our theory in Fig. 8(a2) [See also the tomographic view in Fig. 9(a2) ], where we obtain a strong optical gain from GB comparable to the intensity of absorption from NB, in contrast to the nonequilibrium cases seen in Figs. 2(a2)-(c2) .
The GB is clearly seen in the PL in the equilibrium limit, also opposed to the nonequilibrium case. The PL spectrum L eq,dil (q, ω) in this limit can be readily calculated from the gain/absorption spectrum S eq,dil (q, ω) by using the fluctuation-dissipation theorem [61] ,
is the Bose distribution function. In particular, when
Thus, when an equilibrium distribution is assumed, only the GB is occupied in the ground state, as shown numerically in Fig. 8(a1) and Fig. 9(a1) . This is again in stark contrast to the nonequilibrium cases [Figs. 2(a1)-(c1)]. We briefly note that the NB will also be occupied by thermal effects in the case of finite bath temperature. However, even in this case, the visibility of the GB is comparable to that of the NB in the small momentum regime |q| < ∼ √ m LP U LP n 0 / . This is demonstrated in Fig. 10 , where we have used the fluctuation-dissipation theorem (43) to calculate PL at a realistic (bath) temperature T b = 10K. The strong visibility of the GB is attributed to the property that the absolute value of the Bose distribution |b(ω − )| in the negative energy region ω − < 0 is always larger than that at positive energy with the same absolute value ω + = |ω − |, since (43), the PL intensity of NB and GB are comparable. We conclude from these considerations that the GB should have comparable visibility to the NB in the equilibrium case at small momenta.
Figures 8(b1), 8(c1), 8(b2), and 8(c2) show how the PL and gain/absorption spectra evolve as a function of the decay rate κ [tomographic view is also shown in Figs. 9(b1), 9(c1), 9(b2), and 9(c2).]. As the decay rate κ increases [Figs. 8(b1) and 8(c1)], the dispersion gradually evolves from a linear dispersion to a flat dispersion. At the same time, the NB starts to get occupied and the emission from the GB gradually gets smaller. In gain/absorbtion spectra also [Figs. 8(a2)-(c2)], the sharp and strong optical gain from GB in the equilibrium limit gets weaker. These features clearly show that nonequilibrium effects strongly suppress quantum depletion.
In order to understand the origin of the suppression of GB, it is useful to express the PL and gain/absorption spectra as,
From these expressions, one can see that the pole ω q of Eqs. (46) and (47) determined by Eq. (38) , which characterizes the collective motion of the condensate, directly affects PL and gain/absorption spectra. As discussed in Ref. [19, 20] within the driven-dissipative Dicke model, low energy properties of the collective mode can be studied by expanding det[D R (q, ω)] −1 in terms of q and ω [53] . By using the symmetry
together with the Thouless criterion (Eq. (37)), we can restrict the form of this expansion to (up to O(q 2 , ω 2 )),
where a, c, and Γ are real numbers that are determined from numerical calculations. The collective mode is then determined from Eq. (38) as
which is just the diffusive Goldstone mode [19] [20] [21] 53] (Eq. (1)). Note that putting Γ = 0 + recovers the conventional acoustic mode realized in the equilibrium limit.
The physical picture of the diffusive Goldstone mode can be described as follows. In the equilibrium case, the phase of a macroscopic wave function θ(r, t) approximately obeys the equation of motion,
giving rise to an acoustic mode with a sound velocity √ c. In the driven-dissipative case, on the other hand, particle loss from the condensate is compensated by the particle injection to the condensate. Since the injected particles do not know the phase θ(r, t) of the condensate, these pumped-in particles give rise to a nonequilibriuminduced "friction" for the phase,
Here, Γ can effectively be regarded as a "coefficient of friction" of the condensate. Calculating the mode dispersion of Eq. (53) gives the diffusive Goldstone mode (51) (apart from factor ). In Figs. 11 (a1)- (c1), we have plotted the analytic expression derived from Eq. (50) 
for various Γ with a = c = 1. As one sees in the figure, Eqs. (54) and (55) already partially capture the decay rate κ dependence of the calculated PL and gain/absorption spectra in Fig. 8 , respectively. That is, as the nonequilibrium parameter Γ naturally increases by increase of the photon decay rate κ, a strong emission from the flat dispersion start to appear, and both the NB and the GB are strongly broadened. The Γ dependence shown in Fig. 11 is also similar to the pumping power dependence in Fig. 2 . This is due to the property that, as the pumping power increases, the number of particles in the condensate increases. As a result, the amount of "friction" that the condensate suffers from gets larger to make Γ increase, in agreement with phenomenological discussion in Ref. [21] and experiments [35, 36, [42] [43] [44] [45] . We emphasize here that we have obtained these behaviors from microscopic calculations, in contrast to the phenomenological theory in Ref. [21] .
In PL, there is also another important nonequilibrium effect, which is the redistribution of photons to higher energy by pumping and decay. As we have already discussed in Eq. (45), photons are occupied only at ω < 0 (measured from the condensate energy) in the equilibrium limit, while in nonequilibrium cases, the positive energy region ω > 0 start to get occupied (see e.g., Figs.
8(b) and 8(c).
). This can be explained as follows. In the equilibrium case (κ = 0) where the chemical equilibrium between the bath and the system is achieved (µ b = µ), the electron and hole distribution in the bath, are given by
at zero bath temperature. Here, only negative energy ω < 0 carriers are present. As a result, all the electrons and holes injected to the system have negative energy. This is clearly indicated in Fig. 12(a) by plotting the occupied spectral weight function of electrons and holes,
in the equilibrium limit, where only the lower branch ω cav = −E p (broadened by γ) is occupied. Since a photon in the cavity is created from the pair annihilation process of an electron (ω e ) and a hole (ω h ), photons can be distributed only in the negative energy region ω = ω e + ω h < 0 where the GB lies.
In the nonequilibrium case, on the other hand, the bath chemical potential µ b gets larger than the system "chemical potential" µ (as shown in Fig. 5(b) ), as a natural consequence of having continuous injection of carriers from the bath to the system. In this case, the bath electron and hole distribution is given by,
where carriers with positive energy 0 < ω(< µ b − µ) exist. As shown in Figs. 12(b) and (c), this results in the occupancy of the upper branch ω = E p (also broadened by γ), implying that pairs are partially dissociated in the nonequilibrium case [26-28, 53, 54] . This makes it possible for the injected electrons (ω e ) and holes (ω h ) to create photons with positive energy 0 < ω = ω e + ω h (< 2(µ b −µ)), which can give a strong NB occupation that may readily exceed the GB occupation.
The strong suppression of gain from the GB is also attributed to the screening effects by the dissociated pairs. In order to show this, following Ref. [53] , we split the lowest-order correlation functionΠ =Π inter +Π intra (Eq. (34)) into the inter-(Π inter ) and intra-band (Π intra ) excitations, as described schematically in Fig. 13(a) . The concrete definition is given in Appendix D. Here, intraband excitations can be regarded as "quasi-particle density fluctuations", since they are excited by fluctuations in the particle-hole channel (where a particle and a hole are virtually created within the same branch), as in the density fluctuations in the normal state [64] . Note that while the inter-band excitations can occur both in the equilibrium and nonequilibrium cases, intra-band excitations can occur only in the latter case where the upper branch is occupied owing to the nonequilibrium-induced pair-breaking effect (Fig. 12(b) ). These nonequilibriuminduced "quasi-particle density fluctuations" can lead to the screening of interaction that gives rise to the optical gain from the GB. spectrum with and without contribution from intra-band excitations, where the latter is calculated by replacingΠ toΠ inter in the calculation of the photon self-energy Eqs. (28)- (34) . While the fully calculated gain/absorption spectra in Fig. 13(b) only shows hole burning from the GB, a strong optical gain in the GB is clearly present in Fig. 13 (c) when intra-band excitations are neglected. This clearly indicates that the nonequilibrium-induced quasi-particles work as an absorption medium to screen the optical gain from GB.
V. VISIBILITY OF GHOST BRANCH
So far, we have shown that nonequilibrium effects strongly suppress the GB emission. We now systematically identify the regimes where the GB becomes visible in optical quantities. For this purpose, we introduce the quantity
which takes the ratio between the PL intensity at GB L(q, ω = ω PL GB (q)) and that at NBL(q, ω = ω PL NB (q)), to characterize the visibility of the GB in PL. Here, ω PL NB(GB) (q) is the peak position of PL at positive (negative) energy regime ω > 0(ω < 0) for a fixed momentum q (Fig. 14) . We also define a similar quantity for gain/absorption spectra,
to characterize the visibility of the gain from the GB, compared to the intensity of absorption from the NB. Here, ω GA NB (q) is the peak position of absorption from NB in the positive energy region ω > 0, and ω GA GB (q) is that of gain (or, minimum of S(q, ω)) from GB in the negative energy region ω < 0. We neglect the region where gain from GB is absent (i.e., S(q, ω = ω GA GB (q)) > 0 at a given q) in our criterion. Figure 15 (a1) shows η PL (q) at |q| = 0.4µm −1 , as a function of the pumping power and the decay rate. In this figure, we have plotted contours of η PL (|q| = 0.4µm −1 ), as well as the regimes where the GB peak vanishes (denoted as "GB unresolved" region). We briefly note that, as shown in Fig. 16 , we find regimes where a secondary peak of GB appears in PL. The appearance of the secondary peak is attributed to the occurrence of Fano resonance [65] , where a resonant GB channel couples to a continuum state induced by nonequilibrium features, such as photon decay and pair-breaking effects. In determining the "GB unresolved" region in Fig. 16 , however, we have neglected this secondary peak.
In the equilibrium limit, as discussed earlier, only GB appears in PL, giving η PL = ∞ in this limit. Note that the equilibrium solution (κ = 0) only exist at
as shown in Fig. 5 . As the system gets driven away from equilibrium by the increase of the decay rate κ, η PL (|q| = 0.4µm −1 ) naturally decreases monotonically (except at small κ with µ b > ∼ 5meV, where no equilibrium solution is found).
The µ b dependence of visibility of the GB, on the other hand, behaves non-monotonically. That is, at relatively small decay rate (κ < ∼ 0.1meV), η PL (q) possesses a maximum value at a certain pumping power µ b . At larger decay rate (κ > ∼ 0.2meV), GB peak vanishes at large µ b (denoted as "GB unresolved"). These nonmonotonic behaviors can be understood as follows. At low pumping power close to the threshold µ c b , the condensate fraction increases as the pumping power increases, which gives stronger quantum depletion that makes the visibility of GB clearer. However, at the same time, the photon number increases more rapidly than the electron and hole number, as seen in Fig. 17 [66] , due to the absence (presence) of phase filling effects of photons (electrons and holes). This enhancement of the photon fraction has two effects; firstly, since the photon component are the ones that decay to the vacuum (while the electron and hole component thermalize the system), the nonequilibrium effects that mask the emission from GB gets more significant. Secondly, since photons are free particles, the system gets closer to a free gas. Since GB emission occurs due to the repulsive interaction between polaritons, GB is suppressed as the gas becomes closer to a free photonic gas. As a result, visibility of GB exhibits a nonmonotonic behavior as a function of µ b .
A similar behavior is seen in gain/absorption spectra. Figure 15 (a2) shows η GA (|q| = 0.4µm −1 ). Apart from the difference that η GA (|q| = 0.4µm −1 ) does not diverge in the equilibrium limit, the overall behavior of η GA (|q| = 0.4µm −1 ) is similar to η PL (|q| = 0.4µm −1 ), where η GA (|q| = 0.4µm −1 ) decreases as κ increases, and the nonmonotonical behavior as a function of the pumping power µ b . We note that the "GB unresolved" region seen in PL is absent in gain/absorption spectra, which offers an advantage to detect the GB from this quantity.
Figures 15(b1) and (b2) show η PL (|q| = 0.4µm −1 ) and η GA (|q| = 0.4µm −1 ), respectively, as a function of the detuning δ and the pumping power µ b . As one sees in these −1 , where we set µ b = −6meV, κ = 0.3meV and δ = 0. The solid arrow points at the main GB peak, while the dotted arrow points at the secondary GB peak.
figures, for both PL and gain/absorption spectra, the GB is more visible for blue detuning (δ > 0). As the system is tuned to blue (red) detuning δ > 0(< 0), the energy cost to excite photons increases (decreases). Since less (more) electron and hole injection is needed to compensate the photon loss, this drives the system to equilibrium (nonequilibrium), resulting in a stronger (weaker) emission from GB in both PL and gain/absorption spectra.
We finally note that a dynamical instability (denoted as "DI" in Fig. 15 ) occurs in this system, in the regions where nonequilibrium effects become the most substantial (i.e., large decay rate, large pumping power, or red detuning). Here, we have judged the stability of the steady state from the mode dispersion ω q , determined from the mode equation (38) . Noting that −Im[ω q ] is the decay rate of fluctuations around the steady state, the steady state can be judged to be dynamically unstable when a mode exhibits negative decay rate Im[ω q ] > 0 [19, 20, 53] .
This dynamical instability is triggered by an attractive interaction between polaritons, which essentially has the same physical origin as the dynamical instability found in an electron-hole Bose condensate, discussed in our recent work [53] . In Ref. [53] , we have shown that the non-equilibrium induced pair-breaking effects gives rise to an anomalous virtual pair-formation processes of the broken pairs, that leads to an effective attractive channel to an exciton-exciton interaction. As we have discussed in the previous section, a similar electron-hole pair-breaking also occurs in the present electron-hole-photon condensate. Since the electron and hole component of polaritons is responsible for the interaction between polaritons (while the photon component is responsible for its mobility), the same scenario holds, resulting in an attractive polariton-polarition interaction which leads to a dynamical instability.
FIG. 17. (Color online)
Ratio between the photon number n ph and the electron-hole density n eh . The detuning is set to be on resonance δ = 0.
VI. SUMMARY
To summarize, we have investigated nonequilibrium effects on optical properties of a driven-dissipative electron-hole-photon condensate. We have formulated a combined theory of a generalized random phase approximation with the Hartree-Fock-Bogoliubov theory extended to the Keldysh formalism, that can analyze nonequilibrium effects on optical properties such as photoluminescence (PL) and gain/absorption spectra of an interacting electron-hole-photon system. Our calculated PL is in semiquantitative agreement with experiments, where a blue shift of the condensate energy, the appearance of a diffusive Goldstone mode, and the suppression of the dispersive profile is reproduced.
We have shown that the appearance of the ghost branch (GB), which is the sign of the quantum depletion of the Bose-condensate, is strongly suppressed by nonequilibrium effects. We have discussed that this is due to the appearance of the diffusive Goldstone mode, redistribution of photons, and screening effects by dissociatied electron-hole pairs. It is pointed out that this suppression cannot be explained by equilibrium theories, which predicts the emission from GB to be comparable to that from the normal branch in the small momentum region, typically at q < ∼ O(µm −1 ). We also have shown that the GB in PL and gain/absorption spectra is more clearly seen in the blue detuning case. The possiblity of realizing a dynamical instability, driven by dissociation of electron-hole pairs, is also pointed out. We believe our results deepen the understanding of nonequilibrium, driven-dissipative many-body physics.
We close our paper by listing some future problems. Although our analysis is giving a semiquantitative agreement to experiments, there is room for improvement. In our meanfield-based analysis for the steady state, only the zero-momentum coherent photons are concerned. Thus, in the normal phase (below the threshold pumping power), the calculated photon number is always zero, which is clearly not the case in experiments. This leads us to expect that beyond-meanfield calculations, which take into account contributions from finite momentum photons [18, 58, [67] [68] [69] may give even better agreement to experiments in the dilute region, which remains as our future work.
In the high density region, on the other hand, the longrange nature of the realistic Coulomb interaction may play a crucial role. Since excitons dissociate in the region beyond the Mott density, the dynamical screening effects [70, 71] , as well as pairing fluctuations [68, 69] may give large impact on optical properties, which is again our future work.
Lastly, the details of the physics in the dynamically unstable region ("DI" in Fig. 15) In this paper, we choose the magnitude of coupling constants U and g that reproduces the exciton and polariton binding energy in a GaAs quantum well structure embedded to a microcavity. We first determine the magnitude of U , by considering the case g = 0 (corresponding to an electron-hole gas without the microcavity structure) in the dilute equilibrium limit (∆ 0 = κ = 0). In this case, the system is well described by a free exciton gas, where the chemical potential of electrons or holes (which is in the chemical equilibrium with the bath µ b = µ) is known to be negative and have an absolute value of half the binding energy, i.e., µ = −E bind X /2 = −5meV. This physically means that, when an electron and a hole is added to the system, an exciton is formed to earn its binding energy. We tune the coupling constant U to be consistent with this picture by solving the gap equation (12) 
where we find U = 5.2meV/µm 2 for a cutoff momentum k c = 2π/a = 1360µm −1 . Similarly, the dipole coupling g is determined by using the property that an electron-hole-photon gas in the dilute equilibrium limit is described by a free lower polariton gas [2] . We demand the chemical potential µ(= µ b ) to satisfy µ = −E bind LP (δ)/2 = −8.5meV on resonance δ = 0, by solving the gap equation, 1
is the binding energy of the lower polariton [2] . From this equation, we find g = 1.7meV/µm 2 . Although Eq. (A2) only deals with the on resonance case (δ = 0), as shown in Fig. 18 , we have checked that our choice of U and g approximately satisfy µ = −E bind LP (δ)/2 in the dilute equilibrium limit in a wide range of detuning parameter δ.
represented diagramatically in Fig. 19(a), is given by [26-28, 58, 59 ]
The first term in Eq. (B8) describes the direct electron-hole interaction effects −U , while the second and the third describe effects by an effective interaction that arises from the second-order processes of emission and absorption of photons. In the latter, the decay process of photons is incorporated in D 0R/A neq (q, ω), diagrammatically represented in Fig. 19(b) , given bȳ
Here,Σ
describes the decay of cavity photons by tunneling to the vacuum within the second-order Born approximation [72] , wherē
is the vacuum photon propagator. We have taken the random average over the tunneling points r i and R i in obtaining the first equality of Eq. (B11). In the second equality, we have assumed a white vacuum with a constant density of states (See Eq. (7) for the definition of κ). As is clear from from Eq. (B11), the coupling to the vacuum induce the photon lifetime of
Thus, κ can be interpreted as the decay rate of photons from the cavity.D 0 is a free Green's function of cavity photons, 
The HFB self-energy (Eq. (B8)) is thus obtained aŝ 
which gives the nonequilibrium steady-state gap equation (12) . The occupied spectral weight function of electrons and holesL eh (q, ω), defined in Eq. (57), can be calculated by,L eh (p, ω) = −i 2πḠ
where the lesser component of the single-particle Green's functionĜ is defined as,
The number of electrons or holes n eh can be calculated as,
In addition, the number of (condensed) photons n ph = | ā 0 | 2 can also be obtained from Eq. (B22) as, 
is the lowest-order pair-correlation transformed to the amplitude-phase representation [58] . Recallinĝ 
In obtaining the first equality of Eq. (D3), we have introduced the Hermitian matrixF given by,
where we have used the fact thatĜ K is anti-Hermitian (
† . Using these definitions of the lower (Ĝ l ) and upper (Ĝ u ) contribution of the single-particle Green's function, we define the inter-(Π inter ) and intra-band (Π intra ) contribution ofΠ =Π inter +Π intra as, 
[Π intra s,s (q, ω)]
